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Abstract 

The effect of the vertical and horizontal distances between dual fish-like foils on the propulsive characteristics of the 
biomimetic propulsor system is investigated by using an unsteady panel method. The present method is validated by 
comparing computed results with other numerical and experimental data. The mutual vortex-vortex interaction between 
the shed vortices from both foils has the effect of changing the pointing direction of mushroom heads. The leading 
foil’s propulsive characteristics do not change much with the vertical distance between the foils, whereas the following 
foil’s propulsive characteristics are changed significantly depending on the vertical and horizontal distances between 
the foils. The overall wake patterns depend mainly on the horizontal distance. The intensity of the mutual interaction 
between the wake vortices depends on the vertical distance. Thus, the propulsive characteristics of the dual fish-like 
foils are complicated functions of the vertical and horizontal distances between the foils. The present method has the 
limitation of potential-low assumption. If the flow separation near the leading edge of the foils is not significant, the 
present method can be applied to the design of biomimetic propulsors. 
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1. Introduction 

Aerial and marine creatures in nature flap or undu-
late their foils in order to obtain the necessary fluid-
dynamic forces for locomotion. Recent progress in 
material science and technology has led to the possi-
ble development of aerial or marine vehicles using 
biomimetic foils. Extensive reviews on flapping foils 
and their applications to the development of aerial or 
marine vehicles were given by Rozhdestvensky and 
Ryzhov [1] and Ho et al. [2], respectively. Among the 
biomimetic foils, the foils of live fish have obtained 
considerable attention from many investigators be-
cause of marine creatures’ outstanding swimming 
performances. Sfakiotakis et al. [3] reviewed the fish 
swimming modes following the Breder’s classifica-

tion scheme: 1) Body and/or Caudal Fin movement 
(BCF), 2) Median and/or Paired Fin propulsion. 
Bandyopadhyay [4] described the progress in bioro-
botic autonomous undersea vehicles and reviewed the 
trends in the fish locomotion research. The basic un-
derstanding of fish propulsion was also applied to the 
development of a robotic fish [5]. 

To develop aerial or marine vehicles or robots with 
good performance and maneuverability, it is neces-
sary to understand the flow physics about the biomi-
metic foils in nature. The basic propulsion mechanism 
of heaving and/or pitching foils has been known as 
follows: the shed wake from the foil’s trailing edge is 
developed as the staggered array of vortices with 
reverse direction of rotation to a von Karman vortex 
street, and these vortices induce jet-like flows (known 
as the Knoller-Betz effect) [6-9]. According to the 
experimental study of Lai and Platzer [10], mush-
roomlike vortices pointing upstream indicate a drag-

*Corresponding author. Tel.: +82 2 2220 0429, Fax.: +82 2 2281 4016 
E-mail address: chhan@cjnu.ac.kr 
DOI 10.1007/s12206-007-1021-x 



172      C. Han et al. / Journal of Mechanical Science and Technology 22(2008) 171~179 

producing wake, whereas mushroom-like vortices 
pointing downstream indicate thrust-producing wake. 
Jones et al. [11] showed that the formation and evolu-
tion of unsteady reverse von Karman vortex streets is 
fundamentally an inviscid phenomenon over a broad 
range of Strouhal numbers. Unlike the foils of birds 
or insects, the body and caudal fin of fish undulates as 
a traveling wave. The tail of some of the fastest 
swimming animals resembles a high aspect ratio foil, 
which has led to theoretical and numerical studies [5]. 
The tip of the tail fin produces the reverse von Kar-
man vortex streets, which results in the thrust genera-
tion. Han et al. [12] investigated the propulsive char-
acteristics of a single fish-like foil in undulation mo-
tion. 

Most of the previous works have focused on the 
hydrodynamic analysis of a single foil of various 
kinds. The study on the hydrodynamic characteristics 
of multiple foils is important in the energy-harvesting 
aspect of schooling fish and the design of biomimetic 
propulsors. The complicated vortex-vortex interaction 
behind schooling fish has not been investigated much. 
When two foils operate side by side, the vortex-
vortex interaction behind the foils can be beneficial to 
the performance of two-foil systems. Sfakiotakis et al.
[3] mentioned that “vorticity control mechanisms 
were originally proposed in the early 1970’s in the 
context of fish schooling behavior often observed in 
scombrids.” If the fish stay close together, a “channel-
ing effect” causes a favorable flow at the sides of the 
vortex-street. It was also mentioned that “the advan-
tage of fish schooling is greater when the fish in the 
same column swim in anti-phase with the neighbors. 
These requirements point to an elongated diamond-
shape pattern as the basic optimum structures in fish 
schools.” Several investigators calculated the hydro-
dynamic characteristics of fish schooling by simply 
modeling the wake vortices as a staggered array of 
vortices [13, 14]. 

Regarding the development of biomimetic multiple 
propulsors system, Bandyopadhyay et al. [15] inves-
tigated the swimming hydrodynamics of a pair of 
flapping foils to the tail of a rigid body. Akiyama et al.
[16] observed that flow fields around vibrating plates 
created counter rotating vortices. Researchers at MIT 
showed that two flapping airfoils produce larger 
thrust than a propeller. According to Jones et al. [11],
when the foils are placed in a biplane configuration, 
this configuration is similar to a single foil in ground 
effect and is more efficient and thrust-producing than 

a single foil. Han et al. [17] investigated the thrust 
characteristics of two flat plates in pitch oscillation. 
They found that two plates in the opposite phase pro-
duced larger thrust than two plates in the same phase.  

The main purpose of present paper is to understand 
the propulsive characteristics of dual fish-like foils in 
undulation motion and to reveal the relation between 
the wake vortices and the propulsion forces. An un-
steady panel method developed for a single fish-like 
biomimetic foil [12] is extended to the case of dual 
fish-like foils. The propulsive characteristics of the 
dual fish-like foils are investigated by changing the 
horizontal and vertical distances between the foils.  

2. Unsteady panel method 

Two coordinate systems are used in order to de-
scribe the unsteady motions of biomimetic foils mov-
ing through a stationary fluid medium (See Fig. 1). 
One is a body-fixed coordinate system (x, y). The 
other is the inertial frame of reference (X, Y). It is 
assumed that the viscous effect is confined within a 
thin boundary layer. Thus, the flow is assumed to be 
inviscid, incompressible and irrotational over the 
entire flow field, excluding the foils’ boundaries and 
their wakes [18].  

The isentropic flow around the deforming foils can 
be solved by using the continuity equation coupled 
with energy equation. For an irrotational flow, a ve-
locity potential can be defined in the inertial frame. 
Then, the continuity equation becomes the Laplace 
equation of the velocity potential. Mass should be 
conserved regardless of the coordinate systems. 
Therefore,  

2 0  (in a body-fixed coordinate system)   (1) 

Each foil’s surface is discretized into N equal 
length panel elements. The vorticity on each element 
is considered to be linear. The vorticity of linear 

Fig. 1. Nomenclature of the present method. 
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strength on each element is represented as  

1 1( ) ( )j j jx x x   (2) 

The wake is represented by free vortices which de-
form freely by the assumption of a force-free position 
during the simulation. The free vortices are connected 
to the bound vortices at the trailing edge of each foil 
through the Kutta condition. The Kutta condition is 
valid as long as the foil’s trailing edge moves with 
small or moderate amplitude and frequency. The 
strengths of the elementary solutions are obtained by 
enforcing boundary conditions as follows. 

A. The flow disturbance, due to the foil’s motion 
through the fluid, should vanish far from the plates. 
This boundary condition can be satisfied automati-
cally by using the vortices as the singularity distribu-
tions.

B. Zero normal flow across the foils’ solid bounda-
ries. The continuity Eq. (1) does not directly include 
time-dependent terms. Time dependency is intro-
duced through the modification of “zero normal flow 
on a solid surface” and the use of the unsteady Ber-
noulli equation. The kinematic velocity ( v ) is given 
as follows, 

0[ ]relv V v r   (3) 

where 0V is the velocity of the body-fixed system's 
origin, r = (x, y, z) is the position vector,  is the 
rate of rotation of the body's frame of reference. The 
additional relative motion within the body-fixed co-
ordinate system is represented as relv . The zero-
velocity normal to a solid surface boundary in the 
body-fixed frame becomes 

0( ) 0relV v r n

(in a body-fixed coordinate system)   (4) 

where n  is the normal to the body's surface, in 
terms of the body-fixed coordinates (x, y). Fulfilling 
the boundary condition on the surface requires that, at 
each collocation point, the normal velocity compo-
nent will vanish and we can write Eq. (4) as 

1

2
1

( )
N

ij i iN w i iw i
j

A A tn V V n

on the foil for i=1, 2, ...., N   (5) 

where the influence matrix element ijA  represents 
the normal velocity component at a control point i
by the vortex (having a unit circulation) at the panel 
element j . The elements ija  are functions of ge-
ometry. j  is the unknown circulation of the point 
vortex representing the vorticity of the panel ele-
ment j . iq  represents the normal velocity compo-
nent induced at control point i  by the starting vortex 
and its image. wiV  is the velocity induced by the 
wake vortices and their images whose positions and 
circulations are known. At the beginning, wiV is zero. 
The calculation begins at t = t  and the wake at this 
moment consists of a single vortex c . Following 
Mook et al. [19], we simulate the starting vortex by 
placing it at a point l/4 l behind an airfoil trailing edge 
(Fig. 2). 

C. Kelvin condition. The use of the Kelvin condi-
tion that the circulation around a fluid curve enclosing 
the plates and their wakes is conserved, will supply an 
additional equation. 
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Fig. 2. Geometrical representation and nomenclature of dual 
fish-like foils. 
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where l and wl represent panel element length of 
the body and its wake. NT  is the number of total 
time steps and wake  is the circulation of a wake core 
at node k , which is zero at the start of motion. The 
wake is created as a result of shedding and convecting 
the starting vortex at each time step.  

D. The unsteady Kutta condition. This condition at 
the trailing edge of a plate is satisfied by shedding the 
vorticity generated at the trailing of a plate at the local 
fluid particle velocity. 

E. Continuous pressure across the wake. This con-
dition is fulfilled with convecting wakes downstream 
at the local fluid particle velocity.  

To find the solutions of Eq. (5), an initial condition 
describing the position of the wake and its vorticity 
must be prescribed. At each time step, a newly shed 
starting vortex is fixed at a point l/4 l behind a plate’s 
trailing edge as required by the unsteady Kutta condi-
tion. All the circulation strengths are determined in-
cluding the effects of their images by Gauss elimina-
tion. At the end of each time step, the shed vortex is 
convected downstream to its new position at the local 
fluid particle velocity. The procedure is repeated for 
any desired number of time steps. 

2.1 Wake rollup  

Since the wake is force-free, each vortex represent-
ing the wake must move with the local flow velocity. 
The local flow velocity is the result of the velocity 
components induced by the wake and the plate. It is 
measured in the inertial frame of reference (X, Y). To 
achieve the vortex wake rollup at each time, the in-
duced velocity ( , )iu v at each vortex wake point i  is 
calculated, and then the vortex elements are moved 
by a 4th-order Runge-Kutta convection scheme. In the 
regions where vortex cores are separating, leaving big 
gaps and beginning to reassemble, the unequal spac-
ing between the cores can lead to numerical instabili-
ties [19]. The core addition scheme imitates the elon-
gated region of the vorticity in the actual flow. If the 
distance between two successively shedding cores is 
separated by more than a prescribed “critical length”, 
a new core is located at the midpoint of the line seg-
ment connecting them. This new core has one-third 
the sum of circulations around the two original cores. 
The circulations around the two original cores are 
reduced by a factor of two-thirds. The velocity within 
the core ( jv ) with a core radius cr  at time t  is  

2

1 exp 1.25643
2

j
j

cj

rv
r r

  (7) 

where j  is a strength of a vortex and r  is the 
distance between the origin of the vortex core and the 
point in space. Outside the core region, the induced 
velocity can be taken as that of a free vortex of 
strength j .

The 4th-order Runge-Kutta convection scheme is as 
follows:

1 1 2 3 4

1 2
6k k a a a a tr r

1 2 1( , ) , ,
2 2k

r t ta f t r a f t r a
t

  (8) 

3 2 2 4 3, , ,
2 2
t ta f t r a a a f t t r a t

2.2 Computation of aerodynamic loads 

In the body fixed frame, thrust (or drag) is calcu-
lated by using the momentum conservation theorem. 

( ) ( ) ( )T or D V y V y U dy   (9) 

where ( )V y is the velocity profile at the cross section 
behind a chord length from the plate’s trailing edge, 
and U  is the freestream velocity. Time-averaged 
thrust coefficient can be defined as follows. 

0

1 T

T TC C dt
T

  (10) 

where T is the period of the undulation. 

3. Results and discussion 

Han et al. [12] investigated the propulsive charac-
teristics of a single fish-like foil by changing swim-
ming modes that are represented by the undulation 
frequency. Thus, the undulating frequency of /c U
=5 and maximum thickness of 0.12C is set by follow-
ing the results by Han et al. [12]. As shown in Fig. 2, 
the geometrical representation of dual fish-like foils at 
each time can be expressed by using the geometrical 
definition of conventional airfoils. The mean camber 
line of each foil is represented as 

2
0( , ) cos ( / )f x t H x x U t   (11) 
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where 2
0H x is the undulation amplitude envelope of 

the wave, c is the chord length and  is the undula-
tion angular frequency. H0 represents the maximum 
amplitude of the tail fin. In this paper, the chord 
length is assumed to be 1.0 m. After the mean camber 
line is determined, the thickness distribution of the 
foil is added to the mean camber line. In the present 
study, it is assumed that the foils have the thickness 
distribution of a NACA 0012 airfoil.  

As shown in Fig. 3, the present method is validated 
by comparing simulated wake shapes behind plung-
ing airfoils with particle tracing by using the finite 
element method [20]. The reduced frequency (k= 

/c U ) is set to 2.0. The plunging amplitude of both 
foils (h0) is set to 0.4C. The vertical distance between 
the foils (y0) is 1.4C. Fig. 3 shows that overall wake 
patterns by the present method agree with those by 
CFD. In Fig. 3(a), it is also shown that the flow is 
separated from the leading edges of both foils. The 
separated leading edge vortices (LEV) are interacting 
with trailing edge vortices (TEV), which results in the 
complicated wake patterns. Thus, it can be deduced 
that the effect of vortex-vortex interaction should be 
considered in order to accurately predict the aerody-
namic characteristics of plunging foils. However, it is 
not included in the present method. 

(a) Particle traces of CFD 

(b) Present result 

Fig. 3. Comparison of a wake pattern behind plunging airfoils 
for k=2, h0=0.4, and y0=1.4. 

As shown in Fig. 4, the present method is also vali-
dated by comparing the computed thrust coefficients 
with those by CFD [20]. Fig. 4(a) shows the time 
history of thrust coefficient of a rigid foil in heave 
oscillation. The thrust coefficient is plotted as a func-
tion of the nondimensional time. The peak value in 
the thrust coefficients is obtained when the foil is at 
the end of up or down strokes or in the middle of both 
strokes. At the end of each stroke, the flow is sepa-
rated from the leading edge of the foils and then the 
separated leading edge vortices interact with the trail-
ing edge vortices. The vortex-vortex interaction be-
tween the LEV and TEV significantly affects the 
resulting fluid dynamic characteristics. Fig. 4(b) 
shows the time averaged thrust coefficients of dual 
rigid foils oscillating with the reduced frequency 
range of 0<k<2. It can be deduced from the figures 
that the present results are qualitatively in good 
agreement with CFD results at low frequency [20]. 
However, there are discrepancies between the present 
results and those by CFD at higher frequency (k>1.0). 
This is due to the shortcoming of the present method 
which does not include a numerical scheme for the 
leading edge separation.  
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Fig. 4. Propulsive characteristics of rigid plunging air-
foils( t= /100, Lcr=3.0 tU , rc=0.07, h0=h/c=0.4).
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As shown in Fig. 3 and Fig. 4, the present method 
is validated for a rigid foil or foils in heave oscillation. 
The shortcoming of the present method that does not 
include the leading edge vortex separation in the cur-
rent numerical scheme results in the discrepancy with 
CFD results [20]. However, in the present study of 
dual fish-like foils, the leading edge part of the foil 
will not oscillate but retain its shape unlike the plung-
ing rigid foils. Only rear body and tail fin will change 
their shapes as a progressive wave form. Thus, it is 
assumed that the shortcoming of the present method 
does not cause the accuracy problem except when the 
wake vortices from the leading foil induce flow sepa-
ration in the following foil. The investigation of the 
vortex-induced effect will require a complicated 
computation using Navier-Stokes equations. 

Fig. 5 shows the wake patterns and time-averaged 
thrust coefficients of dual fish-like foils which are 
moving with uniform velocity (U =1.0 m/s). Both 
foils wiggle their rear body parts and tail fins with 
anti-phase while head parts maintain their shape. The 
vertical distance between the foils is fixed as 
RL=0.8C. In Fig. 5(a), the wake shapes behind the 
foils are plotted for several horizontal distances be-
tween the foils (FR=-1.2C, -0.8C, and 0.0C). Accord-
ing to the experimental study of Lai and Platzer [10], 
the pointing direction of mushroom heads indicates 
the propulsive characteristics of a plunging foil 
(thrust-producing with mushroom head pointing 
downstream and drag-producing with mushroom 
head pointing upstream). If both foils are moving in 
parallel (FR=0.0), the wake shapes behind the foils 

show a symmetric pattern with respect to the central 
line between the foils. Thus, it can be deduced that 
one of dual foils moving parallel to each other with 
close vertical distance between them behaves like a 
single foil in ground effect. When the foil A is leading 
the foil B (FR=-1.2C and -0.8C), the wake vortices 
behind the leading foil are pulled into the space in-
between core vortices from the trailing foil. Then, the 
pulled-up vortices change the pointing direction of 
mushroom heads into the downstream direction. The 
mutual interaction of the vortices (which is a function 
of horizontal distance between the foils) has the effect 
of changing the pointing direction of mushroom 
heads from thrust-producing toward drag-producing. 
In Fig. 5(b), the time-averaged thrust coefficients of 
the foils are plotted as a function of horizontal dis-
tance (FR) between the foils. Within the investigated 
range of FR from -1.2C to 0.0C, the time averaged 
thrust coefficient of the following foil is larger than 
that of the leading foil except FR=0.0C. The follow-
ing foil harvests energy contained in the wake vor-
tices generated by the leading foil. The mutual inter-
action between the vortices is also a function of the 
Strouhal number that characterizes the vortex-
shedding frequency and the distance between the 
vortices. The maximum thrust of the results in Fig. 5 
is obtained when FR= 0.8C at RL=0.8C.  

Fig. 6 shows the effect of vertical distance between 
the foils on the propulsive characteristics of the dual 
fish-like foils that are moving forward in parallel 
(FR=0.0) (See Fig. 6(a) for wake patterns and Fig. 
6(b) for propulsive characteristics). In Fig. 6(a), the 
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Fig. 5. Effect of the horizontal distance between the fouls (RL=0.8e) 
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left-hand side figures represent the wake patterns 
behind the foils undulating with in-phase (CASE A), 
whereas the right-hand side figures show the wake 
patterns behind the foils undulating with anti-phase 
(CASE B). When the foils are vertically separated far 
enough (RL=2.0C), the wake vortices behind the foils 
do not interact with each other. The mutual interac-
tion of wake vortices is a function of the distance 
between the vortices because the induced velocity 
from the other vortices is proportional to 1/r [18]. The 
wake patterns in CASE A show the mushroom heads 
of both upper and lower rows pointing in the same 
direction, whereas the wake patterns in CASE B show 
the mushroom heads of the upper and lower rows 
pointing in the opposite direction with respect to each 
other. With the vertical distance between the foils is 
less than RL=1.6C, the mushroom heads of CASE A 
and CASE B are moving toward downstream and 
upstream, respectively. The total thrust of the propul-
sor system increases in CASE A and decreases in 
CASE B with the vertical distance stepping down. 
Note that each foil in CASE B corresponds to a single 
foil in ground effect. When a single fish-like foil is 
moving near the ground, the single foil cannot obtain 
the beneficial effect of undulation on the thrust gen-

eration (which is the similar result as shown Fig. 5 for 
FR=0.0C). As shown in Fig. 6(c), the rotation of al-
ternately shed vortices (which represent the mush-
room head) is opposite to each other. The rotation of 
two counter-rotating vortices in the upper row is the 
same as that of the vortices in the lower row in CASE 
A. The rotation of the vortices in the upper row is 
opposite to that in the lower row in CASE B. Thus, 
the two counter-rotating vortices in the upper row of 
CASE A pull up the vortices in the lower row into the 
space between the vortices, which results in the rota-
tion of the mushroom heads toward downstream with 
the vertical distance stepping down. The induced 
velocities by the vortices in the upper row of CASE B 
are limited by the imaginary ground that are made by 
the four vortex systems. Thus, the mushroom heads 
rotate toward upstream with the vertical distance step-
ping down, which results in the decrease in the total 
thrust of the propulsor system. 

In Fig. 7, the dual fish-like foils are moving for-
ward with the foil A leading the foil B. Both Fig. 7(a) 
and Fig. 7(b) show the wake patterns behind the foils 
and the time-averaged thrust coefficients of the foils, 
respectively. The left-hand side figures in Fig. 7(a) 
show the wake patterns behind the foils undulating 
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with the in-phase (CASE A), and the right-hand side 
figures in Fig. 7(a) represent the wake patterns behind 
the foils undulating with anti-phase (CASE B). Fig. 
7(c) shows the vortex systems of both cases (CASE A 
and CASE B). Like the mushroom heads aligned 
together in Fig. 6, the mushroom heads in Fig. 7 are 
arranged staggered due to the horizontal distance 
between the foils (FR=0.0 in Fig. 6). It can be said 
that the overall wake patterns depend on the horizon-
tal distance between the foils regardless of undulating 
phases between the foils. It is also noticeable that the 
wake vortices in the lower row of CASE B in Fig. 7 
are pulled up into the space between the vortices in 
the upper row. As shown in Fig. 7(b), the total thrust 
of the propulsor system in CASE B increases,
whereas the total thrust in CASE A decreases with the 
vertical distance stepping down. It can be said that the 
intensity of the mutual interaction between the wake 

vortices depends mainly on the vertical distance be-
tween the foils. Thus, the overall wake patterns and 
the mutual interaction between the wake vortices are 
a complicated function of horizontal and vertical dis-
tances, which are critical parameters together with 
other parameters such as undulation phase and Strou-
hal number. 

4. Conclusions 

An unsteady panel method is developed and vali-
dated by comparing the computed wake patterns and 
thrust characteristics of plunging foils with those by 
finite element method. The wake patterns and thrust 
characteristics of dual fish-like foils are investigated 
by changing the vertical and horizontal distances 
between the foils undulating with in-phase and anti-
phase.  
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Fig. 7. Effect of the vertical distance between the foils at FR=-0.8C. 
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It is shown that both vertical and horizontal dis-
tances between the dual fish-like foils affect signifi-
cantly the propulsive characteristics of the dual fish-
like foils. The overall wake patterns depend mainly 
on the horizontal distance between the foils, while the 
intensity of the mutual interaction between the wake 
vortices depends on the vertical distance. Thus, the 
propulsive characteristics of the dual fish-like foils are 
the complicated functions of the vertical and horizon-
tal distances between the foils. 

The present method has the limitation of potential-
low assumption. However, if the foils are only undu-
lating the rear parts of the body and flow separation 
near the leading edge of the foils does not occur, the 
present method can be applied to the design of 
biomimetic fish-like propulsors or vehicles. 
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